We present a theoretical investigation of the magnetocrystalline anisotropy (MA) in R 2 Fe 14 B (R is a rare-earth element) magnets in consideration of the non-collinearity effect (NCE) between the R and Fe magnetization directions. In particular, the temperature dependence of the MA of Dy 2 Fe 14 B magnets is detailed in terms of the nth-order MA constant (MAC) K n (T ) at a temperature T . The features of this constant are as follows: K 1 (T ) has a broad plateau in the low-temperature range and K 2 (T ) persistently survives in the high-temperature range. The present theory explains these features in terms of the NCE on the MA by using numerical calculations for the entire temperature range, and further, by using a high-temperature expansion. The high-temperature expansion for
I. INTRODUCTION
R 2 Fe 14 B compounds (R is mainly a rare-earth element) have been research targets in the fields of not only engineering but also science; specifically, the magnetism of these compounds has been systematically investigated both experimentally and theoretically [1] [2] [3] [4] [5] [6] . Present-day high-performance computers allow us to directly calculate these electronic and/or magnetic structures in complex and large calculation models for R 2 Fe 14 B-based systems, which also becomes a motivation for developing new numerical methods such as highaccuracy first-principles calculation methods [6] , constrained Monte Carlo methods [7] , and finite-temperature Landau-Lifshitz-Gilbert analyses [8, 9] . Furthermore, the fields of engineering strongly require theoretical guidelines to develop magnets, the performance of which exceeds that of Nd-Fe-B magnets. Most recently, the above-mentioned numerical methods have been applied to a realistic model for rare-earth intermetallics, and quantitative results comparable to the experimental results were obtained by first-principles calculations [10] [11] [12] [13] [14] [15] and by Monte Carlo methods [16] [17] [18] [19] [20] . On the other hand, to date, simpler analyses have also been conducted on the basis of phenomenological theory [21] [22] [23] [24] or mean field theory (MFT) [3, 14, [25] [26] [27] to understand the mechanism of the coercive forces of rare-earth permanent magnets and to identify the factors dominating these mechanisms.
The magnetocrystalline anisotropy (MA) of a magnet refers to its free energy density as a function of the magnetization direction. In simple magnets [28] , the free energy density is well expressed by the single term K 1 (T ) sin 2 Θ, where K 1 (T ) is the first-order MA constant (MAC) and Θ is the zenithal angle of the magnetization measured from the crystal axis.
However, in rare-earth (RE) magnets, the angle dependence of the free energy density has a more complex form, especially in the low-temperature range [29] [30] [31] [32] ; assuming tetragonal symmetry such as that of R 2 Fe 14 B compounds, the free energy density can be expressed as 
where K ( ) n m (T ) is the mth-order MAC and Φ is the azimuthal angle of the magnetization. The expansion presents a convergence problem and it is difficult to uniquely determine K ( ) n m (T ) because of the non-orthogonality of the basis set of { sin 2m Θ cos 4nΦ } as reviewed
by Kuz'min [33] . Thus, MACs have been evaluated by assuming convergence or by using fitting methods that assume a finite-expansion form for practical purposes [29] [30] [31] [32] [34] [35] [36] [37] [38] [39] [40] .
In our previous studies on the MA of Nd 2 Fe 14 B magnets [24] [25] [26] , the total magnetization was assumed to be collinear to the Fe magnetization. However, this assumption raises a serious error in evaluations for the MA of the R 2 Fe 14 B magnet, the R magnetization of which is highly non-collinear to its Fe magnetization. 
Here, we assume that K Fe( ) n m (T ) is obtained from the experimental results for R 2 Fe 14 B magnets with a nonmagnetic R element such as R =Y, and therefore, we focus only on
(T ) can be obtained from the power-law scenario derived by Zener [41] ; most recently [24] , we have explicitly expressed the extended form of the Akulov-Zener-Callen-Callen law [41] [42] [43] (or today simply known as the Callen-Callen law) up to the third order, as
where µ R (T ) is the normalized R magnetization with µ R (0) = 1, and we demonstrated that the experimental results for Nd 2 Fe 14 B magnets well obey the extended Callen-Callen law [Eq. (3)]. This view of the power law enables us to immediately establish that a narrow plateau appears in the low-temperature range and that higher-order MACs rapidly decay with increasing temperature compared with lower-order ones. These features describe the general behavior of on-site MA in homogeneous local moment systems [21, 24, 27, 44] .
On the other hand, to reflect the material individuality, a microscopic description for the MA is appropriate. Many authors have reported the microscopic theory for temperaturedependent MACs [1, 3] . At zero temperature, Yamada et al. [45] reported the explicit relation between MACs and crystalline electric fields (CEFs) under the conditions of a weak CEF, strong effective exchange field (EXF), and strong spin-orbit interaction (SOI) (i.e., only the ground J multiplet is considered) on the R sites:
where 
is Kuz'min's generalized Brillouin function (GBF) [3, 44, 46, 47] with x := 2J|g − 1|H exf (T )/(k B T ), where g is the Landè g factor, H exf (T ) is the magnitude of the EXF, and k B is Boltzmann's constant. Kuz'min derived the relation between the GBF and the Akulov-Zener power law for the low-temperature range:
This approximation was also referred to in terms of MFT by Keffer in 1955 [43, 48] . Although the Akulov-Zener power law is no longer quantitatively supported by microscopic theory in the high-temperature range, it has been confirmed that Eq. (6) is qualitatively satisfied [27, 44] . The reason for this finding is simple: both monotonically decrease and take the same values at T = 0 (both are 1) and T = T C (both are 0), where T C is the Curie temperature.
Here, it is necessary to note that Kazakov and Andreeva [49] derived results equivalent to
Eq. (5) If the low-angle limit Θ → 0 is considered, then the series in Eq. (1) converges, and therefore, it becomes possible to obtain the exact expressions for temperature-dependent MACs.
We have recently derived these expressions and applied them to the case of Nd 2 Fe 14 B [26] , where the expressions reproduce Eq. (5) within the limits of the strong EXF and SOI.
As seen above, the expressions for the temperature-dependent MA are connected under appropriate conditions, although some expressions have been reported in different forms.
One of our aims is to reflect the NCEs in the previous results, and this work is presented in Sect. III B.
III. NON-COLLINEARITY EFFECTS ON MA OF R 2 Fe 14 B MAGNETS
In this section, we reveal the NCEs on the MA of R 2 Fe 14 B magnets on the basis of a standard ligand-field theory. First, we define the theoretical model used in this study.
The crystal structure of R 2 Fe 14 B compounds is tetragonal with P 4 2 /mnm, and there are eight R ions in the unit cell. The R ion sites are classified into two types: i = f or g.
These two types are distinguished crystallographically, and therefore the CEF Hamiltonian for the 4f electrons is written as V i CEF depending on i [1, 14, 15, 50] . Here, we consider the 4f electrons described by
where λ is the strength of the SOI and L( S) is the operator of the total angular (spin) momentum of the 4f electrons. The EXF is assumed to be proportional to the Fe magnetization given by
that is,
where M Fe and H EXF , respectively, are the saturation magnetization and the strength of the EXF at zero temperature, and µ Fe (T ) describes the temperature dependence of the magnitude of the Fe magnetization.
In this study, the parameters we use for the R 2 Fe 14 B magnets were determined systematically by Yamada et al. [45] . The temperature dependence of the saturated magnetization of the Y 2 Fe 14 B magnets was employed as M Fe µ Fe (T ), and its value at zero temperature is given by M Fe = 31.4 µ B /f.u. [29, 31] . To obtain its continuous values at nonzero temperature, the Kuz'min formula has been widely used [24, [51] [52] [53] [54] [55] , which is given as
Here, the Curie temperature T C is defined for the target R 2 Fe 14 B magnet. We confirmed [24] that selecting the values of s = 1/2 and p = 5/2 for the shape parameters provides a good fit with the experimental result of the Y 2 Fe 14 B magnet [29, 31] . Then, the total magnetization of the R 2 Fe 14 B magnet is given by
where M R (θ, φ; T ) is the R magnetization in units of [µ B /f.u.] induced by the presence of the Fe magnetization and is defined by
Here, we defined the magnetic moment of the R ion on a site i as
and the free energy of the R ion as
By rotating M Fe (θ, φ; T ) from the z-axis by hand, the direction of M R (θ, φ; T ) deviates from M Fe (θ, φ; T ) in the presence of the CEF; to describe this non-collinearity, we introduce the new symbols of Θ and Φ as the zenithal and azimuthal angles of the total magnetization, respectively, as shown in Fig. 1 . A. We explored the MA across the entire temperature range by computing the temperaturedependent magnetization and the temperature-dependent free energy density as functions of θ and φ. On the basis of our results, we show how the non-collinearity between the R
and Fe magnetizations appears and how it effects the MA.
First, we take Nd 2 Fe 14 B magnets [56] as an example of magnets, the NCE of which is small. Figure 2 shows the angular difference defined by
as a function of θ for the compound Nd 2 Fe 14 B at several temperatures. In the lowtemperature range below the spin-reorientation transition (SRT) temperature (T ∼ 130 K [45] ), these compounds exhibit complex behavior as shown by the lines for T = 0, 100, and 135 K. Above the SRT temperature, we can observe that ∆Θ < 0 because M Nd (θ, φ; T ) tends to naively orient along the +z-axis, and that |∆Θ| monotonically decreases with increasing temperature. In Nd 2 Fe 14 B magnets, |∆Θ| has an extremely low value over the entire temperature range, and thus we conclude that the NCE is negligibly small as assumed in our previous studies [24] [25] [26] .
In contrast, the Dy 2 Fe 14 B magnets [57] exhibit high non-collinearity, which is shown in Fig. 3 . Because Dy 2 Fe 14 B magnets do not have the SRT, M Dy (θ, φ; T ) tends to be oriented along the −z-axis over the entire temperature range; that is, ∆Θ > 0 for any temperature. Here, let us focus on the intersection(s) of ∆Θ and the dotted line π/2 − θ in Fig. 3 . At the intersection(s), Θ is equal to π/2. In particular, in the temperature range below approximately 100 K, the intersection exists at an angle θ = θ o < π/2. That is, Θ overshoots π/2 at θ = θ o , after which Θ > π/2 for θ ∈ (θ o , π/2). This fact becomes important when evaluating the MA of Dy 2 Fe 14 B magnets in the low-temperature range.
Here, it is shown that a large |∆Θ| remains even in the high-temperature range compared with the Nd 2 Fe 14 B case. In accordance with the above results, we consider the NCE on the MA. We define the total free energy density of R 2 Fe 14 B compounds as
where F R (θ, φ; T ) is the contribution from the R sublattice, which is given by
where V cell is the volume of the unit cell. The second term in Eq. (17) which is expressed by a fitting form as [24] κ Fe (T ) = κ
where the fitted parameters are given by κ 
where Ω is the map from (θ, φ)
to (Θ, Φ). The calculated angle dependence of the total free energy density of the compound Dy 2 Fe 14 B is shown in Fig. 5 , where the solid and dashed lines are the θ and Θ dependencies, respectively. Across the entire temperature range, the stabilization angle is θ = 0; the Dy magnetization tends to be oriented along the −z axis; hence, Θ ≥ θ in 0 ≤ θ ≤ π/2 as shown in Fig. 3 . In the low-temperature range below approximately 100 K, Fig. 3 indicates that Θ > π/2 when θ varies from θ 0 to π/2, and therefore, it is clear from Fig. 5 (upper) that the stabilization energy is lower than the fictitious stabilization energy estimated from the dependence on θ. Moreover, the dashed lines in Fig. 5 (upper) almost completely overlap, which suggests that Dy 2 Fe 14 B compounds have a magnetic anisotropy that is robust against a rise in temperature. In contrast, as shown in Fig. 5 (lower) , the stabilization energy estimated from the Θ dependence (dashed lines) is equal to the fictitious stabilization energy from the θ dependence (solid lines) in the high-temperature range. However, the initial rise in the θ dependence is clearly larger than that of the Θ dependence, and therefore, the MACs would be overestimated if the estimation were to be based on the Θ dependence. as
where K fit n (T ) is the nth-order fitted MACs, and we have ignored the cases in which Dy 2 Fe 14 B depends on Φ because this dependence is sufficiently small. Here, note that we have performed the fitting calculations in a Θ range near Θ ∼ 0 (corresponding to θ ∈ [0, π/20]) because the fitting form in Eq. (20) is clearly not appropriate for the singular shape of the dashed lines near Θ = π/2 in Fig. 5 (upper) . Figure 6 shows the values obtained for K fit n (T ) by fitting ∆F fit (Θ, Φ; T ) to ∆F(Θ, Φ; T ). It is noteworthy that the broad plateau in the low-temperature range is reproduced, although the calculated K 
B. Perturbative expressions for MACs with NCEs in the high-temperature range
The importance of considering the effect of the non-collinearity between the Dy and Fe magnetizations is explained in the previous section. In this section, we first derive explicit microscopic expressions for the MA by taking into account the NCE in the high-temperature range, and subsequently apply the result to Dy 2 Fe 14 B and other R 2 Fe 14 B magnets. Here, we consider only the ground J multiplet and ignore the J-mixing effects. Although some light R ions such as Pr, Nd, and Sm exhibit a large J-mixing effect on MA as pointed out by several authors [45, [58] [59] [60] [61] [62] , we determined the order in which the non-collinearity can be ignored to be 0 ≤ 2|∆Θ Nd |/π < 0.03 as is evident from the previous section, and 0 ≤ 2|∆Θ Pr |/π < 0.04 and 0 ≤ 2|∆Θ Sm |/π < 0.01 by further numerical calculations with finite SOI. Thus, we discuss the NCE only for heavy R elements by using the CEF and EXF parameters reported by Yamada et al. [45] .
The 4f total Hamiltonian at a site i within the ground multiplet J can be expressed in terms of the total angular momentum operator of the 4f electrons, J , on the basis of the Wigner-Eckart theorem, and J 2 is the constant J(J + 1):
where O m ( J ) is the Stevens operator [63] , and the range of the ( , m) summation is limited to ( , m) = (2, 0), (2, −2), (4, 0), (4, −2), (4, 4), (6, 0), (6, −2), (6, 4), and (6, −6) by the symmetry of the CEF. On the basis of the definitions Eqs. (10) and (11), we can perform the perturbative expansion for the free energy density of the R ions, F R (θ, φ; T ), with respect to the dimensionless parameter µ Fe (T ) in the high-temperature range. In this expansion, F R (θ, φ; T ) only has even powers of µ Fe (T ) owing to the time inversion symmetry, and thus, the lowest contribution arises from the second-order of µ Fe (T ) as
where
and the factor 8/V cell represents the concentration of the R ions. Furthermore, we introduced
where · · · T denotes the statistical average inV i CEF at a temperature T , and further, we used the symmetry χ x (T ) = χ y (T ) in the derivation of Eq. (24) . Thus, the total free energy density is given by
If one considers a magnet with a low non-collinearity between the R and Fe moments such as a Nd 2 Fe 14 B magnet, then it becomes possible to conclude that K 1 (T ) κ 1 (T ). However, as we have mentioned, this assumption is not always satisfied.
We describe the total magnetization within the same framework with the aim of taking the NCE into account. By perturbatively expanding Eq. (13) with respect to µ Fe (T ) again, M R (θ, φ; T ) only has odd powers of µ Fe (T ), and we obtain
Then, we determine the relationship between the directions of M (θ, φ; T ) and M Fe (θ, φ; T ) as sin
where we defined the non-collinearity factor as
where we notice that δ(T C ) does not vanish. Substituting Eq. (29) into Eq. (26) and assuming |δ(T )| < 1, the MACs, including the NCE up to the second-order µ Fe (T ), are expressed as
Because the effect of the CEF on both κ R (T ) and δ(T ) is reflected through χ α (T ), let us try to expand χ α (T ) with respect to an expansion parameter y := B m l /(k B T ) to determine the relation between the MACs and the CEF:
where the temperature-independent coefficients are given by
Substituting Eq. (32) into Eqs. (24) and (30), we obtain
where and
If the calculation of K n (T ) takes into consideration δ (1) (T ), which describes the NCE in the leading order, then there is no reason to ignore a correction from ζ/T in Eq. (34) in general cases, because both are of the same order of y. However, if the targets are limited to R 2 Fe 14 B magnets, we can conclude that the ζ/T term is negligible in the high-temperature range as in Table I . As a result, ignoring ζ in the assumption of ζ/T 1 allows us to estimate the MACs, up to the second-order µ Fe (T ), by using
and explicit forms are given as
The main results of this study are expressed by Eq. (39) . Near the Curie temperature, the MA exhibits explicit temperature dependence:
, and κ Fe (T )/κ [33] ; thus, the mechanism essentially differs.
C. Practical expressions for MACs in rare-earth intermetallics
The simple expression at zero temperature [Eq. (4a)],
motivated the evaluation of B , especially from first principles [6] . However, as is well known, the temperature dependence of the MA of RE magnets is complex, and thus, this expression is inappropriate to evaluate the MA in the high-temperature range, which is important in practical situations used in electric vehicle motors. Here, for the reader's convenience, we provide a useful form of the expressions obtained in the previous section to allow us to immediately estimate the temperature-dependent MA for two sublattice RE magnets consisting of RE and transition elements.
Although the three CEF coefficients are needed to evaluate the zero-temperature MA because they have the same order, we do not exert effort to evaluate the higher-order CEF coefficients in the high-temperature range. This is because the high-temperature MA is dominated only by B 0 2 as explained in the previous section. Now, when one has a CEF coefficient,B 
in units of [K/V cell ], where κ T (T ) is the experimental first-order MAC within the transition metal sublattice, and
where n RE is the number of RE ions in the unit cell, M T [µ B /V cell ] is the saturated magnetization of the transition metal sublattice at zero temperature, and A, B, and C are geometric coefficients determined by g and J of each of the rare-earth elements listed in Table II 
where s and p are previously reported shape parameters [24, 51, 52] . (i) > 0 for R 2 Fe 14 B magnets, the R dependence of the sign of δ(T ) is determined by (g − 1)θ 2 , in which g − 1 > 0 for the heavy R ions, and θ 2 > 0 for Er, Tm, and Yb, and θ 2 < 0 for Tb, Dy, and Ho. We can observe that Dy and Tb especially exhibit a large NCE.
Note that the present results do not include the effects of J-mixing. In general, elements from the light RE series have a larger J-mixing effect than the heavy ones [45, 58, 61, 62] .
Whether the J-mixing effect becomes serious for the NCE in general RE intermetallics is not a trivial matter, although we were able to ignore the NCE for R = Pr, Nd, and Sm in the case of R 2 Fe 14 B. For several light R, the J-mixing effect on κ RE (T ) cannot be ignored, especially for Sm. This problem was detailed by Kuz'min [61] and Magnani et al. [62] , and explicit expressions for κ RE (T ) were provided. In terms of Eqs. (39b) and (39c), the main contribution to the MA comes from both B 0 2 (s) and H EXF in the high-temperature range, whereas the higher-order CEF parameters are not effective. This is also an interesting result for the field of materials science, because B 0 2 can be evaluated with relatively high accuracy compared with the other higher-order
